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Fig. 4 Static pitch de¯ ection with applied ® eld.

Fig. 5 Tip-joint Flexspar dynamic pitch de¯ ection characteristics at

§19 V/mil.

Because of the mass balancing and collocation of the hinge line
and aerodynamic center aeroelastic coupling and ¯ utter were not
detected. Figure 4 shows the static bench and wind-tunnel results.

From Fig. 4, it is clear that if the added stiffness of the main spar
is included, then the error between theory and experiment drops to
under 2%.

Following static testing, dynamic tests were conducted to de-
termine the frequency response of the actuator. Figure 4 shows a
natural frequencyof approximately11 Hz, and the break frequency
of 23 maximum power consumptionrecordedduring these tests was
40 mW.

The data of Figs. 4 and 5 clearly show that the tip-joint Flexspar
generates very high de¯ ections for given actuation potentials. The
blunted peak at the natural frequency of approximately 11 Hz is
caused by the shell bumping against the stops, which were set to
approximately§22 deg. From Fig. 4, the lift-curveslope may be re-
solved to approximately0.039/deg. The low valueof lift curve slope
is primarily due to a signi® cant amount of aerodynamic relieving
that occurred at the base of the mount.

Conclusions
This study has shown that laminated plate theory and kinematics

can successfully predict the de¯ ections generated by piezoceramic
Flexspar¯ ight controlsurfaceactuators.Experimentalmodel testing
showed that pitch de¯ ections up to §11 deg may be achieved with
Flexspar control surfaces measuring 4 in. in span with a 3.33-in.
mean geometric chord. Dynamic testing demonstrated an 11-Hz
natural frequency and a 23-Hz break frequency with 40 mW of
power consumed at the most extreme actuation condition.
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Nomenclature
A = cross-sectionalarea
g = gravitationalconstant
Hs = splitter plate height
M = Mach number
P = total pressure
p = static pressure
T = temperature
U = free/mainstream velocity
u = streamwise velocity
v = cross-streamvelocity
x = streamwise coordinate
b = (M 2 ¡ 1)1/ 2

c = ratio of speci® c heats
e = small perturbation term, 1 ¡ U1/ U1s

n = dimensionless interface amplitude, ( b 1s)
2[1 ¡ U1/ U1s]

q = density
u = small disturbance velocity potential

Subscripts

c = critical
eff = effective state
s = streamline value
0 = stagnation or reservoir condition
1, 2 = primary and secondary streams

Introduction

AMODEL for the freejet interface wavelength of an inviscid,
supersonicandsubsonicstreamis described.The model,which

is a con® ned ¯ ow extension to a previous methodology, involves
modifying the lowest-orderperturbationquantitiesto honor internal
¯ ow conservation and to provide the ® rst critical location of the
slipline. We show reasonable agreement between the model and
analog measurements for the critical wavelength.

Received Dec. 20, 1996; revision received March 27, 1997; accepted for
publication April 10, 1997. Copyright c° 1997 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤ Graduate Research Assistant, Department of Mechanical Engineering,
MS 3123.

² Professor, Department Head, Department of Mechanical Engineering,
MS 3123. Member AIAA.

³ Assistant Professor, Department of Mechanical Engineering, MS 3123.
Member AIAA.



1220 AIAA JOURNAL, VOL. 35, NO. 7: TECHNICAL NOTES

Supersonic ejector nozzles are of considerable interest for aero-
propulsion applications because of their noise suppression and im-
proved performancecapabilities.Indeed, the mixed jet issuing from
a core/ejector propulsion system combination is the primary source
of noise generationfrom airplanesat takeoff.1 Although freejets are
a useful limiting form of the ejector ¯ ow, the effect of con® nement
on the ¯ ow® eld is important, because con® nement strongly in¯ u-
ences the subsonicand supersonicstreams, as well as their interface.
Moreover, a descriptionof the inviscid ¯ ow® eld structure within an
ejector nozzle has design implications for acoustic, structural, and
¯ uid mechanical considerations.

De Chant et al.2 give formulas for the slipline wavelength for
two-dimensional and axisymmetric, supersonic±subsonic jets in a
subsonic stream. We extended their theory to include internal ¯ ows.
The outcome is a general relationship that provides internal ¯ ow-
® eld information for a supersonicejector ¯ ow® eld, inasmuch as the
locationof the ® rst maximumexpansioncorrespondsapproximately
to the location of the Fabri-choke.3,4

Theoretical Model
Figure 1 presents a schematic of the freejet problem follow-

ing De Chant et al.2 The principal parameter discussed is xc/ 2,
which is the dimensionless location of the ® rst minimum in the ex-
pansion/compression system resulting in the ¯ ow. From De Chant
et al.,2 values for both axisymmetric and two-dimensional uncon-
® ned ¯ ows are describedby Eq. (1) (axisymmetric)and Eq. (2) (two
dimensional):

xc/2 = 1.22b eff ¡ 0.22 b 1s ´ 1.22(1 +
1
2
n

1
2

m ) b 1s ¡ 0.22b 1s (1)

xc/2 = 2b eff ¡ b 1s ´ 2(1 + 1
2
n

1
2

m ) b 1s ¡ b 1s (2)

where b 1s = (M 2
1s ¡ 1)1/ 2 and n m = ( b 1s )

2[1 ¡ U1/ U1s ]. By symme-
try, half the lengthof the ® rst criticalis approximatelythe localmax-
imum of the primary expansion and corresponds to the location of
Fabri’s aerodynamicchoke.Figure2 shows thecon® ned jet problem.

Following the analysis developedby De Chant et al.,2 the pertur-
bation expansion is considered:

u

U1s
= 1 +

@u

@x
e + ¢ ¢ ¢ e ´ ( 1 ¡

U1

U1s ) (3)

whereU1s is the velocityat the interface.InRef. 2, the sliplineveloc-
ity U1s was estimatedusinga static pressurematchingmethodology.
We employ a complete control volume methodology to account for
the internal ¯ ow effects. The approach considers the basic problem
for an internal ¯ ow, namely, computing M1s , M2s , and U1s .

Fig. 1 Free jet geometry and de® nitions.

Fig. 2 Internal/ejector ¯ ow geometry and de® nitions.

The conditions for a freejet are based solely on local static pres-
sure matching. Consequently, problems for A2/ A1 À 1 are ana-
lyzed using static pressure and mass conservation. Unfortunately,
the local one-dimensional control volume assumptions are poor
approximations for suf® ciently small area ratios, A2/ A1. There-
fore, we cannot expect to use this methodology for A2/ A1 ¼ 1.
A more rigorous bound on the limiting area ratio is subsequently
developed.

The governing equations for these two ¯ ows are mass conser-
vation5

( M1

M1s ) (( {1 + [( c ¡ 1)/2]M2
1s}

{1 + [( c ¡ 1)/2]M2
1 }))

( c + 1)/ 2( c ¡ 1)

+ ( A2

A1 ) ( M2

M2s )

£ (( {1 + [( c ¡ 1)/ 2]M2
2s}

{1 + [( c ¡ 1)/ 2]M 2
2}))

( c + 1)/ 2( c ¡ 1)

= 1 + ( A2

A1 ) (4)

and static pressure matching

( P01

P02 ) = (( {1 + [( c ¡ 1)/2]M2
1s}

{1 + [( c ¡ 1)/2]M2
2s}))

c / ( c ¡ 1)

(5)

These relationshipsprovide closure for the internal ¯ ow Mach num-
bers and area ratios.The ¯ ow is locallyassumedas isentropic,which
gives the slipline velocity as

U1

U1s
=

M1

M1s (( {1 + [( c ¡ 1)/2]M2
1s}

{1 + [( c ¡ 1)/2]M2
1 }))

1
2

(6)

Equation (6) contains the freejet solutionas a degeneratecase when
A2/ A1 ! 1 , giving the result of De Chant et al.2:

M 2
1s = [2/ ( c ¡ 1)](({1+ [( c ¡ 1)/ 2]M2

1 }( p1/ p2)
( c ¡ 1)/ c ¡ 1)) (7)

With the low-order forms in Eqs. (4±6), the analysis proceeds by
solving the preceding equations for the parameter M1s and U1s and
then substitutinginto the critical length formula [Eq. (1) or (2)]. The
solution of the nonlinear system has been conveniently performed
using a version of Broyden’s method,6 a multivariable form of the
secant method.

For any particular problem, an estimate of the minimum area
ratio that is consistent with the control volume approximation is of
interest. This may be obtained by combining Eqs. (4) and (5) to
yield the single variable relationship F(M2s ),

F ´ M1(( 2

c ¡ 1[ ( P01

P02 )
( c ¡ 1)/ c

( 1 +
c ¡ 1

2
M2

2s) ¡ 1] ))
¡ 1

2

£ (( (P01/ P02)
( c ¡ 1)/ c {1 + [( c ¡ 1)/ 2]M 2

2s}
{1 + [( c ¡ 1)/ 2]M 2

1} ))
( c + 1)/2( c ¡ 1)

+( A2

A1 ) ( M2

M2s ) (( {1 + [( c ¡ 1)/ 2]M 2
2s}

{1 + [( c ¡ 1)/ 2]M 2
2}))

( c + 1)/ 2( c ¡ 1)

¡ 1 ¡ ( A2

A1 ) = 0 (8)

Equation (8) is posed in terms of M2s , rather than M1s , because
M2s is necessarily bounded by M2 < M2s < 1. This bounding
permits a straightforwardselectionof an initial guess needed for the
iterativesolutionofEq. (8).Using these two constraints,the function
F is readily searched to ® nd a sign change that implies a possible
solution.An alternativewould be to demandthe two conditions,F =
@F/ @M2s = 0 and Eq. (8), and thereby solve for a critical area ratio
and the critical M2s . However, this adds another multiple variable
problemthat is less well poseddue to theunknowncriticalarea ratio.
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Fig. 3 Critical interface lengths.

Comparison of Model with Experimental Data
The key parameter xc has been measured using the hydraulic

analogydescribedby De Chant and Caton7 and is presentedin Fig. 3
for several area ratios and a Mach 2.0 primary stream interacting
with a negligiblesecondary¯ ow with ® xed secondarytotal pressure
and temperature.The area ratios associated with the measurements
are large enough so that the pressure matching closure is suitable.
Indeed, for the large area ratios considered,both the A2/ A1 = 9.60
and A2/ A1 = 3.235 analytical curves are virtually identical. As
such, only a single combined curve is presented. So as not to leave
the reader with the impression that this analysis is independent of
area ratio, a freejet solution,2 i.e., A2/ A1 ! 1 , is presented in
Fig. 3 for comparison. It is apparent that the freejet wavelength is a
poor approximation to the internal ¯ ow interface solution.

Additionally, to help assess the effect of experimental error, we
ran a series of repeatability tests, using different reservoir ratios to
assess the effect of initial reservoir ratio on the measurements. A
signi® cant but acceptable amount of error is introduced by varying
this ratio, especially signi® cant differences in reservoir height, i.e.,
T02/ T01 small, because three-dimensional effects are pronounced
for these small total temperature ratios.

Conclusions
We have developedand compared to experimentalhydraulicana-

log data inviscid, con® ned supersonic and subsonic stream inter-
actions. Formulas for the ® rst critical location of the slipline are
derived. Reasonable agreement is shown between the extended, in-
ternal ¯ ow, theoreticalmodel and experimentalmeasurements.This
work is of considerable interest to aerodynamic mixer ejector noz-
zle development,a potentially critical technology to the high-speed
civil transport program.
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Introduction

T HE objectiveof this work is to extend the k±f model of Robin-
son et al.1 to compressible turbulent ¯ ows. The success of the

k±f in reproducinga varietyof incompressible¯ ows shouldprovide
a good basis for the current model. As in the incompressiblemodel,
the current model will be based on the exact compressibleequations
to ensure that the correct physics is incorporated.

Compressible ¯ ows require for their description a velocity ® eld
and two thermodynamic variables, such as the density and tem-
perature. Because of this, the ¯ uctuations of these thermodynamic
variables are as important as those of the velocity in determining
the resulting turbulent ¯ ow. As a result, traditional two-equation
and stress models2 have proven to be inadequate in describing such
¯ ows. Therefore, it appears that an appropriate compressible tur-
bulent ¯ ow model of the two-equation variety should include six
equations that describe variances of velocity, density, temperature,
and their respective dissipation rates.

A simpli® cation of this approach can be achieved by using
Morkovin’s hypothesis.3 According to this hypothesis, the pressure
and total temperature ¯ uctuationsare small for nonhypersoniccom-
pressible boundary layers with conventional rates of heat transfer,
i.e.,

p 0 / P ¿ 1, T 0
0 / T0 ¿ 1 (1)

As a result,

q 0 / q ’ ¡ T 0 / T ’ ( c ¡ 1)M2(u 0 / U ) (2)

In this equation, p 0 , T 00 , q 0 , T 0 , and u 0 are the ¯ uctuating pressure,
total temperature, density, temperature, and velocity, respectively.
Also, M is the Mach number and c is the ratio of speci® c heats.The
remaining variables represent mean properties. Based on Eq. (2),
equations governing variances of turbulent quantities can be taken
as the equation for the turbulentkinetic energy. However, equations
governing the dissipation rates of the resulting variances may not
be the same.

The approachemployed in developinga k±f compressiblemodel
is to use the guidelines set in Ref. 1 to model the additional terms.
Thus, for low Mach numbers, the new model reduces to that of
Ref. 1. It is shown in Ref. 4 that when Morkovin’s hypothesis is
invoked, the effects of compressibility for ¯ ows considered here
result in an additional term in the k equation, which is

¡ C1( q k/ s q ) (3)
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